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Abstract. Analytic formulae are given for the coefficients needed for computing the magneto-
static energy of a domain wall with a periodic magnetization structure, for the case of a film
sufficiently thin that there is no dependence on the coordinate along the film thickness. A method
is given for reducing the computational time of the magnetostatic energy, which can also be used
in other wall computations carried out by the LaBonte method. Several typographical errors in
the published coefficients for a magnetization structure with cylindrical symmetry in a sphere
are corrected.

1. Introduction

There are three types of 188omain wall in thin ferromagnetic films, among which the least
understood is [1] the 8kl wall. This wall is known to be observed in very thin films, but

its structure is not known, or at least there has been no reliable computation for such a wall
structure. In particular, none of the existing computations obeys [1] any self-consistency
test, such as the one given in section 5 here.

A thin film may be taken as a plate which is infinite in both theandz-directions, and
has a thicknessiin the y-direction. For a certain range of values igftwo-dimensional
computations of wall structures that dependvcemdy but not onz are [1] very successful in
all respects. For thinner films it is obvious thahust also be included [1], and computations
become too difficult because a present-day computer cannot handle three-dimensional wall
structures to the required accuracy. For still thinner films, some attempts to obtain results
for one- and two-dimensional walls have totally failed, and have not even indicated where
the correct answer should be looked for. There are some indications [1] that these walls
have periodic variations along but it seems hopeless to try the full, three-dimensional
computations, which do not quite work even for the cross-tie walls in somewhat thicker
films.

The solution suggested here is computing a two-dimensional structure of a wall which
depends omv and z but not ony. At least for sufficiently thin films, ay-dependence
involves a large exchange energy. It is therefore likely to be fairly insignificant, and it is
hoped that if there is a weak dependenceypits effect will be negligible. This assumption
makes all the difference, because a large body of experience has already accumulated in the
computation of two-dimensional walls. The dependence prust be periodic, if one wants
to retain the assumption that the film is infinite in thalirection. This periodicity does
not make any difference for the other energy terms, but it complicates the calculation of
the magnetostatic energy term somewhat, because magnetostatic interaction is a long-range
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force, and the summation converges very slowly. Still, certain periodic structures, such
as stripe domains [2, 3], have been studied before. In the present case at any rate, this
complication of the periodicity can be handled quite easily, as is seen in the following.
Analytic expressions are given in the next section for the coefficients needed for
computing the magnetostatic energy in the LaBonte [4] method. There are some, such as Yan
and Della Torre [5] or Cheet al [6], who prefer to compute such coefficients numerically
by evaluating a multiple integral, since they have to be computed only once. | prefer
formulae, whenever it is possible to derive them, which are not specific to one particular
computer. Others can evaluate the coefficients from the same formulae in accordance with
their particular preference of a subdivision size. An aid for convergence of the evaluation
of the coefficients is then described in section 3. In section 4, a method is outlined for
reducing the computational time, which can be helpful not only in this particular case, but
also in all LaBonte-type computations. The self-consistency test, already used for other
walls, is applied in section 5 to the present case of a periodic wall. Finally, | take this
opportunity to list corrections to some typographical errors in the published [7] coefficients
of the magnetostatic energy ofsphere

2. Magnetostatic energy

This energy, which originates from the classical dipolar interactions among lattice sites, is
the largest of all of the energy terms which play a role in the wall structure. As such,
it is the term which determines most of the structural details of the wall, and hence it is
important to compute it rigorously. All of the approximations ever tried [1] have proved to
be unsatisfactory, and in fact only the LaBonte method, which is used here, is sufficiently
accurate for the purpose.

A ferromagnetic plate is considered, which is infinite in theand z-directions and
extends from—b to +b in the y-direction. The part wherge| < a is assumed to be a wall,
separating two domains which are magnetized albpgat x = +a. It is also assumed that
the magnetization vector

m = M /M, (1)

is independent of, and that the wall iperiodicin the z-direction, with a period 2—that
is, that

m(x, z) = m(x, z + 2nc) (2)

for any integral value of:. It should be noted that the ‘classical’, one-dimensionaeN

wall is included as a particular case. If there is no energetic advantage to this periodicity,

the energy minimization should converge to a structure withy-dependence. For such a

case, there is no meaning ¢pwhich can be any number, but this ambiguity cannot affect

a minimization process which starts with a pre-assigned value tfa z-dependence does

emerge, the value af should be adjusted so that the lowest energy minimum is obtained.
The basic approach is that of LaBonte [4], which is somewhat modified for the present

problem. The wall is subdivided int&/, cells in thex-direction, taking thelth cell as

covering the length

—a+2a(l —1)/N, <x < —a+2al/N,

forl =1,2,..., N,. Inthez-direction, theperiod2c is subdivided intaV, cells, designated
by J =12, ..., N, where theJth cell covers the length

—c+2c(J—-1)/N,<z< —c+2cJ/N,.
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These cells are squares if and only:i¥, = ¢N,, but there is no advantage to the use of
this particular case, and it can be assumed Ahaand N, are chosen independently of each
other for any particular study. As is usually the case in such calculations, the magnetization
unit vectorm is assumed to be a constant in each of these cells. Its value {,thig cell
is written as the vectom(I, J).

There is no particular difficulty with the other wall energy terms. The magnetostatic
energy per unit wall area per cycle, after one has carried out all of the integrations
analytically, has the general form

N, N, N, N,
= M? ZZZ{A([ J U, I m (I, Dme(I', J')
I1=1J=11I'=1J=
+ BU, J, ', Jymy (L, Jymy(I', J') +CU, J, ', Jym (I, Hym.(I', J')

+ DU, J, U, I m L, Dm (', ') +m (I, Dm, (I, I)]}. 3

Here, the combination of the two terms multiplyifyis not an assumption. It is the result
of calculating each of the two terms separately, and therefore implies

D(,J,1',J)y=DU',J 1,J). 4)
Another result from the actual integrations is
A, J,I'J)Y+B(U,J,I''J)+Cd,J,I'J)=0. (5)

No physical interpretation can be given for this relation, which is just a mathematical result.
Equation (5) shows that there are only three sets of coefficient® and D, which
still need to be specified. It should be noted that these coefficients actually depend only on
the distances between each subdivision and the others. Therefore, they depend on the four
parameters/, J, I’ and J’ only through their differences( =1 — I’ andL = J — J/, as
can be seen from the specific expressions which are given in the following.
If 7 denotes one of the sets of coefficientls, B or D, | have proved that it can be
written as the combination

FU,1,INJY=2FU-1,J,J)—FA-1I'+1,J,J)-FI-1'-1,7,1) (6)
and
FK,J,J)=2FK,J—-J)—FK,J-J+1)—FK,J—J -1 (7)

for certain functionsA, B and D. There is some overlap of the functions mnand B,
which makes it more convenient to express them as

A(K, L) = —Fy(K, L) 4+ F2(K, L) + Fa(K, L) + Fs(K, L) (8)
B(K,L) = —Fx(K, L) — Fs(K, L)+ Fa(K, L) + Fs(K, L) 9
where
1 & (P 5 VG —b
F(K.L)y= Y A[ b) IN(VG + cA) — g In(/Q + cA):| (11)

o]

K
F3(K, L) = "V 3

X p—

2
(- )olemest) son(onst)] oo
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Fy(K. L) = glc > (G- 0% (13)
ak & beN, A ak
Fs(K, L) = N n_Zoo[ZA arctar(aK JE) N /0 - \/5)} (14)
and
X [2aK acK A b
Fs(K,L) = n;oo[N_xA arcta m) — z\/51| (15)
Here

L K\?
A=——n p=(4 0=c2A2+P and G=0Q+b. (16)
N. N,

The other functionD, also has some terms which are the same as, or very similar to,
certain terms in the previous functions. However, it does not seem worthwhile to separate
them, and therefore they are all put together here as

A = faK VG —b 1 ) P
b= 3 ([ an(Yar) ) + P - 3ONG e g

o B (- o)

1/b? acK A 2 ak
(= - P)arcta Al —=A°=b)In|VG+ —
+c(s > '(zvxwa)* <3b ) (f+ Nx>

- g—ZA3ln<@+aK>}. (17)

Ny
In the limit of small b it may be sufficient to consider only the first-order terms in
power-series expansions of these expressions. This is not likely to be adequate for many
problems, but this first-order approximation is given here anyway:

AK.Ly=b )Y [\/TQ — AN/ QO+ cA):| + 0% (18)

B(K.Ly=b Y [A IN(v/Q + cA) + ak |n(@+ “K> —~ g\/é} +0(b® (19)
Mt I\ Ny c

K. Ly=—b S aky , ak 3

D(K,L) = bn;w[A In<\/§+ N ) + N In(v/O + cA)] + O(d). (20)

Most of the terms in equation (17) are odd functionskof As such they vanish for the
particular cases in whiclk is either 0 ort1, as is the case faf = I’. In all of the other
terms, the contribution oK = 0 cancels that ok + 1. It is thus easy to see that

D,J,1,J)=0. (21)

There is no simple relation for the case whére [’ for the other coefficients. LaBonte
[4], however, found it more convenient for the minimization process to separate the ‘self-
terms, with(Z, J) = (I’, J'), from the ‘interaction’ terms, witi(Z, J) # (I’, J'). In some
ways it is an artificial and arbitrary separation, because there is no fundamental difference
between the two classes. Nevertheless, it is a convenient separation, and is therefore adopted
here too, and separate expressions are given for the special case(Where= (', J').
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In this case, the summation of the various terms in equations (6) and (7) can be performed
analytically, thus givingA and B explicitly. Specifically, using the notations

R 1 P - a \?
=T 1=\,
Qo = P1 + *n? Q1= P+ c%nf (22)
Go = b% + ?n? G, = b+ czn%
Gr=Go+ P, G3=G1+ P,
it is possible to write
AL I L) = —F" + FY + F" + F (23)
B, J.1,J)=—F" —F" + F" + F" (24)
with
VG b > VG b
F(") 402 2|n< ot )—2(: Z nzln( 1t )
VGo— b [ JG1—b
b P G b
3 [ (2
= Go,—b c Gz—b
(25)
> P:
F2(") —4 Z {n[?l In(v/ Qo + ¢cn) —bIn(y/Go + cn) + (b — —)
P:
x In(v/Gz + Cn):| +n1[b|n(,/cl Toeny) + <71 - b) In(v/Gs + cny)
P:
- f'n(\/ Q1+cn1):|} (26)
2a & b
-3 S0 )
N, 2= L\c b Gy —a/N. b Qo—a/N
2 2
N (ﬂ_é) In(«/Gs—i-a/Nx)__1In<\/Q1+a/Nx>i| 27)
b c Gz —a/N; b 01 —a/N,
N 4 &
Fi ) — % Z [G3/2 G3/2 G::'LB/Z + GS/Z Q3/2 + Q3/2+C3(|n1|3 _ |n|3)] (28)
4g & bcNn
FW = 2 - - — 2narcta al
> N, :Z [ r(sz)
bc anl
+ 2nqarctarl ——— 29
1 r( - )] (29)
n acn
FP = Z{ (ﬁ—f+f—f)+—[marcta e )
acn
— narctarf ——— | | ;. 30
" r(bNx\/Gzﬂ} (50)

These terms, and thereforeand B as well, do not depend on the valuesioand J.
This result is as expected, because there can be no difference between one prism and another
when it is taken as a separate entity, without the interaction with other prisms. Unlike the
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case studied by LaBonte [4], the ‘self-terms here contain a summatiormoyecause the

case wherd = I’, J = J' does not lead to a single cell. It leads to the basic unit, which is
the set of all of the cells with the sanig, J), separated by the periodic length, 2ncluding

the interactions among them. The actual terms for the isolated cell, as in the ‘self'-terms
of [4], are those withh = 0 in equations (23) to (30). These terms, however, only lead

to the demagnetizing factors of the unit prism, with the dimensiensv2 x 2b x 2¢/N,,

which have no particular application to the present problem. The demagnetizing factors of
the general prism have already been published [8], and it does not seem necessary to list
them here.

3. Summation overn

All of the expressions in the previous section are rigorous, being calculated by analytic
integration, with no approximations. It is clear, however, that the magnetostatic coefficients
cannot be computed from these expressions, as written, to any reasonable accuracy, because
large computational errors will be encountered for large values. ofherefore, the sum-

mation over is replaced by an integration overabove a certain valuey,,:

o0 Np*l —Np o0
Fi(K,L)= Z Gi(n) = _%ngnw[/m +/N }g,(n) dn  (31)

where theg; are the expressions in all of the foregoing definitionsrgfand similarly for
D. After carrying out all of the integrations, the result is

N,—1
F(K,.Ly= Y G+ Y K mF'(K,L —mN,) (32)
n=—(N,—1) m==x1

and similarly for A etc. Since many of the terms occur in more than one of Afig
computing them separately is wasteful. Therefore, the combinations according to equations
(8) and (9) are written directly as

A*(K,L,n)=%<3A2——) <f+b)+ A {P(AZ—%>IH(\/§

JG —b) " 2IA]
+ c|A]) + [Az(bz - P)— %(b; +2b°P — P )} In(vG + c|A|)}
+ ﬁ[(i—A >arctar(b NA)+<L>2 A rctar(bNxﬂ
32 aKG Al aK
N E[—Q” S NN VG| (33)

e _ A T p_prazs L2 bz_P_z
B(K,L,n)_ZblAl{[(P bAHA +c2<4 - P IN(vG + ¢|A])

P aK cA® b
ak cA2I ak b2 A et aKcA
*E)‘— (Ve )] (s o) e 537%)

L\? A ak 0¥2_G32 gp?
— | — arctal — —AG
o (3) e i) e S 5O
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+ %P(\FQ - JE)]. (34)

The second arctangent in each of the equations (33) and (34) is an integration constant that
makes the appropriate expression vanish at infinity. Similarly,

ak [ P VG —b ak|A| _ ,
D*(K,L,n) = N (3c2—A>I <f+b>+3bN(3b — P)In(VG +c|A))

+%(“K) |n(\7+c|z\|)—<12i2 b—12\2+612§;)|n<\/5
)]
e )
+%(P—b—32)arcta :Aif/%). (35)

As is the case with equation (21), it can be shown that this part of the total expression for
D also vanishes fof = I’, whateverJ andJ’ are.

After integration of equations (25)—(30) as in equation (31), and then substitution in
equations (23) and (24), one obtains for the case whkré) = (I, J')

46”’11 bN
AW T L)) = - ——— =~ arctar] — 36
( ) = fa(n) — fa(ny) N, NZjna] r( P ) (36)

and

4an, a
BWNI,J,1,J) = — ——— - arcta 37
( ) = fe(n) — fp(ny) N.NZjna] DN, (37)

with
2
Fa(n) = i{(zn — %)Plln(‘/ +c|n|)—b2<2 2_ 2)|n(\/Go+c|n|)
bin| 2 6
4
[2;12(1;2 —P)— i(l; + 2P, — Pf)} In(v/G2 + c|n|)}

-t (525 )

4a ( P1 benN, 5n Py
(el )
+ 3’;)6 [63/2 AP+ 0¥? - G§/2+7<ﬁ —@)} (38)

2
fa(n) = L{(% —n )Plln(w/Qo Teln)) + b2<2n2 - b—2> In(v/Go + ¢ln))
b|n| | \ 6¢
+ [2;12(131 )+ — 5o <b4 2Py — —ﬂ In(v/G +c|n|)}

el - (T ) - (e )]
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2
+ 2(; 5 2) arctar<&)} + 52[9—:(\/52 —VGo)

bN./G>
5P
+ g[Gg/z Sl + QY% - G§/2~|—Tl(\/Q —\/Gz)i|. (39)

4. Saving computational time

It can be shown that the foregoing implies that
AU, T, )y =AU', T, 1,]) and B(1,J,I',JY=BU',J, I1J). (40)

This relation is a direct result of the definition afand B as interaction terms in equation
(3), because the interaction efand b is always the same as the interactionbofnd a.
Similar relations also hold fof and D, according to equations (4) and (5). These symmetry
relations can be used to eliminate about half of the terms from the summations in equation
(3), thus reducing the computational time required to obtain the magnetostatic energy in
each iteration by about a factor of 2.

To do this, let each sum ovéf in equation (3) be broken up into a sum of three terms,
one forl’ < I, one forI’ = I and one forl’ > I. In the sum with/’ > I, the order of
the summation ovef and/’ is changed, together with interchanging of tabels/ < I’
andJ <« J'. Using the symmetry relations, it is readily seen that this sum is the same as
the one withl’ < I. Using equations (5) and (21), and the notation

R(I,J, I, T =[m (I, ym (I, J') —m (1, Dm_(I', J)]AU, J, 1, J") (41)
SU, 31,0 = [my, Dmy(I', ]y —m (1, ym(I', J)|BU, J, I', J) (42)
TU,J, 1,0 = [me(, Hm (I, J') +m (I, Dm(I', J)]|DU, J, I', J) (43)

the magnetostatic energy per unit wall area per cycle can be written as

= MZZ Z{Z RU,J, L)+ SU, J, 1, 1)]

J=1J'=

N, I-1
+2)° Z RUJ I, JY+SU,J,I',J)Y+TU, J, T, J’)]}. (44)
1=21

The second summation ovérstarts from/ = 2, because the sum ovéf is empty for
I = 1. The ‘self-terms of LaBonte [4] are part of the first line, but are not written separately
here.

Obviously, this reduction of the number of terms in the four-times summation by a
factor of 2 reduces the computational time by about the same factor. Moreover, this time
saving is effectively by a factor of two in the total computational time, because almost
all of the computer time is spent on computing the magnetostatic energy term in this kind
of computation. It should be particularly emphasized that the reduction is not due to any
assumption of symmetry in the wall structure. It is a mere manifestation of the general rule
that an interaction ofi with » is the same as an interaction bfwith a, and need not be
evaluated twice.

As a general rule it should not be too difficult to apply this to other cases of LaBonte-
type computations, which are always very elaborate and time consuming. In particular,
in the original two-dimensional wall computations, LaBonte [4] noted the same symmetry
relations as are used here, but did not take the next step of eliminating superfluous terms from
the summations. Equation (44) can be used for that case, and for other wall computations
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in the literature, in almost the same form in which it is written here, but this was for
some reason not noticed. Researchers have tried to reduce the computational time by
certain techniques, such as those described in [9], which are less powerful, less general and
more difficult to apply than the present one. Others tried to simplify the computation of
the magnetostatic energy term, which takes practically all of the computational time, by
making various approximations, listed in [10] and in chapter 11 of [1]. Some still do this,
but others realized later that these approximations were not good enough, and reverted to
the full LaBonte method as in the case of [5] or, more recently, [11]. The present suggestion
could have been more useful.

5. Self-consistency

It is very easy to make mistakes in programming numerical computations, and very difficult
to find them. It is therefore necessary to build some tests and checks into any program.
One such check, known as the self-consistency test, has been used [1] to eliminate incorrect
wall structures. It is based on computing the total energy using two different formulae,
which should yield the same resulfgshe computed structure is at a true energy minimum

It is thus known that if the results are not nearly the same, there is something wrong with
the energy minimization. Having such a self-consistent magnetization structure is only a
necessary, and not a sufficient, condition for the computation to be correct, but the test
always helps, and is a powerful tool that has already been used successfully.

In the case studied here, the total energy contains two other energy terms, besides the
magnetostatic energy. One of them is the exchange energy, which originates from the
guantum-mechanical interaction between neighbouring spins. In its classical form, and for
the case of ng-dependence, this energy, per unit wall area per cycle, is

Ve = %/_/_ [(me)2+ (Vmy)? + (sz)z} dr dz (45)

where C is the exchange constant. The second term is the anisotropy energy, which
originates from the spin—orbit interaction that couples the spins (namely, the direction of the
magnetization) to certain preferred crystallographic directions. This energy, per unit wall
area per cycle, when there is wedependence, can be written as

1 C a
VaZ—/ / wa dx dz + ys (46)
2c —cJ—a

wherew, is the anisotropy energy density apgis a surface anisotropy term. There may

be different forms for the latter, which need not be specified here. It should only be noted
that it is essential to include such an energy term, even though previous studies of domain
walls did not consider it. There is clear experimental evidence [12] that very thin films
often have a high surface anisotropy.

The transformation of these energy terms, with or without adding an interaction with
an applied field, is essentially the same as in [4], and need not be specified. Expressing
the problem in terms of differential equations, and then integrating a linear combination of
them is also the same as the procedure in section 8.4 of [1], and need not be repeated. That
derivation did not specify any form for the surface energy term, but the surface energy does
not enter the differential equations anyway and affects only the boundary conditions. It can
thus be readily seen that if the magnetization is at an energy minimum, the total wall energy
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should also be equal to

0w 1 /ow .
R
where

10U
" 48
= 8bc —cJ-pJ_qgmy Ay (48)

andU is the magnetostatlc scalar potential. The integrations are the same as some of those
that enter the magnetostatic energy, leading to

Ne Mo Mo N my(I', J')
my(I, J)

2 R, g ) (49)

*_
W =
4bc —1r=1J=1J=

with the sameB as defined in the foregomg. The computation of the most difficult term in
equation (47) is discussed in [13]. This equivalencegfi andy,,,, at an energy minimum
can serve (as in previous cases) to check the self-consistency of the computatigps. If
andy,, are not nearly the same, the solution is not near a minimum-energy state.

Another such check can be obtained from a different combination of the differential
equations, and should be particularly useful for a case in whigchurns out to be zero. It
can be proved that at an energy minimupg, shouldalso be equal to

Jow 1 /0w s
a2 [ 2 com)omoni o

with

M2 & ii DU I, 1, Iym (', ) + CU I 1, Tyme ', ')
m,(I,J)

(51)

Appendix A. The sphere

The coefficients of the magnetostatic energy of a sphere, under the constraint of cylindrical
symmetry of the magnetization, were published in [7]. They were computed and used
correctly in all of the computations which followed, but there are some errors ipriheed
formulae, which have never been pointed out. These errors are listed here in order to make
it possible for others to use the correct coefficients.

(i) Equation (8) of [7] should be replaced by

9
= (A1)
(i) Equation (16) of [7] should be replaced by
1 1
(], J) = [(J i Jnl}[(l/)"” - =" (A2)
(i) Equation (20) of [7] should be replaced by
Y(J) = %[(1—1)3|n<%_1> —J?+J - %} (A3)

(iv) (n + 2)? should be replaced bg: + 2)3 in the denominators of both equation (12)
and equation (15) of [7].
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